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ABSTRACT 


This  report  deals  with  the  definiticwis,  interpretations  emd 
appropriateness  of  producer's  and  consumer's  risks  for  the  design 
of  reliability  ecceptance  sampling  plauis  based  upcn  prior  dis- 
tribution. The  general  approach  presented  here  is  applicable  to 
einy  failure  density  and  prior  distribution.  The  sp»cific  case 

vhen  the  time  to  failure  has  an  expxxienticil  distribution  with 
tKeta  ikttA. 

parameter  ^jS'lias  an  inverted  garma  prior  distribution  has 

been  dealt  with  in  detail.  Ihe  definitions  and  the  mathematical, 
physical  and  graphical  interpretations  of  the  various  risks  are 
discussed  and  the  risks  are  evaduated  from  the  viewpoint  of  their 
neaningfulness  to  the  producer  and  the  consumer.  The  similarities 
and  differences  between  acoentance  sampling  aind  demonstration,  the 
implications  b^ind  the  choice  of  minimum  acceptable  MTBF  and 
specified  MTBF,  the  basic  interests  of  the  producer  and  the 
consumer,  and  the  choice  of  risks  that  reflect  the  priitary  interests 
of  the  producer  and  the  consuner  for  various  situations  of  practical 
interest  aure  discussed,  k 
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1.  INTRODUCTION 


nus  report  deals  with  the  definitions,  interpretaticMis  and 
appropriateness  of  producer's  eind  oonsvaner's  risks  for  the  design  of 
relicibility  acoeptanoe  sanpling  plans  based  upon  prior  distributiOTi.  Hie 
general  approach  presented  here  is  appliceible  to  any  failure  density  cind 
prior  distribution.  For  purposes  of  discussion,  however,  we  consider  the 
specific  case  when  the  tine  to  failure,  t, has  an  exponential  distribution 
with  parameter  8,  i.e. 

f(t|0)  = 6 eiq)(-t/e),  0 > 0,  t ^ 0,  (1) 

euid  0 has  an  inverted  gaitina  prior  distribution  with  paraneters  (y,!)  i.e. 

Ga*  (y,A)  given  by 

g(0)  e3p(-Y/0)  AX;  Q ,y  > 0.  (2) 

The  report  is  divided  into  two  sections.  The  first  section  contains 
the  definitions  and  the  mathematical,  j^sical  and  graj^ical  interpretations 
of  the  various  risks.  The  exact  protection  provided  to  the  producer  and 
the  oonsuner  by  the  use  of  these  risks  is  discussed.  The  risks  cure  inter- 
related i.e.  a nunerical  specification  of  any  pair  of  producer-consumer 
risks  inplies  specific  calculable  values  for  other  such  pedrs.  These  inter- 
relationships are  auialytically  and  numericcdly  explored.  The  seocsid  section 
contains  an  evaluation  of  the  risks  from  the  viewpoint  of  their  meaning- 
fulness bo  the  producer  and  the  oonsianer.  Toward  this  end,  the  similarities 
and  differences  between  acceptance  sanpling  and  demonstration,  the  iitplications 
behind  the  choice  of  0 (miniiaim  acceptable  MIBF)and  9 ^ (specified  MIBF) , 
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the  basic  interests  of  the  prodhx»r  and  the  ocnsuner,  and  the  choice  of 
a pedr  of  risks  that  reflects  the  primary  interests  of  the  producer  and 
the  consumer  for  various  situations  of  practicad  interest  are  discussed. 

Ihe  following  quantities  are  of  interest  and  have  been  considered  in 
detail  in  this  report. 

1.  The  probability  P(r|6  = 6q)«  a that  a system  with  qjecified  WTEF 
is  rejected. 

2.  Ihe  probability  P(a|6  = 6^)  « 6 that  a system  (lot)  with  miniinin 
acceptable  MTBF  is  accepted. 

3.  The  probability  P(a16  ^ 6^^)  * “B  that  a ^stem  which  is  of  unacceptable 
reliability  is  accepted^ 

4.  Ihe  probability  P(R|6  ^ 6q)  = a that  a system  of  euxeptable  reliability 
is  rejected. 

5.  The  probability  P(0  ^ 0j^1a)»  B*  that  the  MTBF  of  a system  which  has 
been  accepted  is  less  than  the  mininun  acceptable  MTBF. 

6.  Ihe  probability  P(0  ^ * system  which  has  been 

euxsepted  is  less  than  the  specified  MIBF. 

7.  The  probability  P(0  > ®q1W  = a*  that  the  ^fIBF  of  a system  which  has  been 
rejected  is  greater  than  the  specified  MIBF. 

8.  The  probability  P(R)  that  a randomly  selected  system  is  rejected. 

9.  The  probability  P(9  0')  that  a-priori,  a randomly  selected  system 

has  MTBF  which  does  not  escoeed  6 ' . 
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10.  The  probability  P(0  4 O' [r)  that  MTBF  does  not  exceed  6*  for  a 
systen  where  testing  has  produced  exactly  r failures. 

11.  The  mean  E(01a)  of  the  MTBF  in  the  accepted  systems. 

12.  'Itie  variance  Var(0|A)  of  the  MIBF  in  the  accepted  systems. 


! 

1 

1 
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2.  DflEWRglAnON  OF  RISKS 


2.1.  Classical  Risks  (a, B) 

"nie  classical  prochicer's  risk  a and  ocnsuier's  risk  B are  defined 
as  follows: 

•i  = P(Ri9=0p)  (3) 

= Probability  of  rejecting  a system  v4hose  MTBF  is  equal  to 
the  specified  vailue, 

= PCAle  = 0^)  (4) 

= Probability  of  accepting  a system  vihoee  MIBF  is  equal  to 
the  .mninun  acceptable  value. 

The  fa  B)  risks  represent  tvro  points  on  the  classical  operating 
characteristic  (O.C)  curve  vhich  is  a plot  of  P(A(8)  versus  6.  Suo:h 
a coT'/o  is  shown  in  Fig.  1 for  vzurious  vcilues  of  6 (ESqjlanation  of 
other  curves  in  Fig.  1 is  given  in  the  sequel).  These  risks  do  not 
prcr/ide  an  explicit  control  on  the  prcsbability  of  acceptance  for  values 
of  'j  other  than  arvl  6^.  However,  P(A|e)  increases  monotonicedly 
with  G.  Hence,  if  0 > 0^,  the  probability  of  rejection  is  less  tlan  a. 

If  G •:  the  probability  of  acceptance  is  less  them  g*  Ihe  shape  of 

the  O.C.  curve  governs  the  degree  of  protection  provided  in  the  indifference 
zone  between  and  0^  as  can  be  seen  from  the  P(A[07-  plot  in  Figure  1. 


OT  X (G)^6  puo  (9)^6 


A GRAPHICAL  REPRESENTATION  OF  VARIOUS  RISKS  FOR  THE 
PIAN  ■>950,  r**13,  DISCRIMINAriaN  RATIO  - 2 


2.2  Average  Risks  (a,B) 

Ihe  average  risks  are  defined  as  follows  (Ecisterling  1970) 

S a P(r|0  J 0q)  (5) 

■ Probability  of  rejec±ing  a system  with  a MTBF  greater  than 
or  equal  to  the  specified  value,  6^. 

B « p(a|0  0j^)  (6) 

= Probability  of  accepting  a system  %#ith  a HIBF  less  than  or 
egu^LL  to  0^ 

Mathenatically,  the  risks  may  be  eicpressed  as: 


P(R|9  if  6q) 


P(R,0  » 0q) 
P(0  > 0q) 


0 


0 


/“p(Rl0)  g(0)  d0 
0 

/*g(0)  dO 
0 


(7) 


or 


S a /”  P(R|0)  g(0je  ^ Ofl)  de 

6o 


and 


ri 

P(A,0  ^ 0.)  i P(A)l0)g(0)d0 
PtA|0  ^ 0,)  - 

/\(9)de 

or  B - / P(a[0)  g(0|e  ^ Oj^)  de 


(8) 


(9) 

(10) 


6 


Now  let  us  consider  the  escpression  for  5 in  Bquaticn  (8) . Vfe 
)cncw  that  P (P  j 9)  is  a morotonically  decreasing  function  of  6 and 

max  P(R|6)  = PIRIBq) 

Therefore 

p(rIo)  g(Ol0  ^ 0Q)de$/”  p(r|0q)  • g(0|e  0Q)de 

or  « ^ P(r16  ) = a (11) 

t ^ 

I 

Simileurly,  since  P (a1  9 ) is  a inonotoniccilly  increasing  function  of  6 , 
vie  have  front  Bgtation  (10) , 

0 

r(A|0)  . g(0|0.<  O.)d0^Q/  ^ P(a|6j^)  • g(e|6  < 6j^)de 
or  aiP(Al0^)=0  (12) 


7 


Fran  Bqpiations  (11)  eund  (12) , a < o cind  B jS  6.  The  equeility 
holds  if  and  only  if  6 has  a Bernoulli  distriJxition  vdth  P(0  = 0^)  = tt 
and  P(0  = 6j^)  » 1 - n. 

A graphical  representation  of  these  risks  is  given  in  Figvnre  1. 

In  order  to  obtain  these  risks  we  first  get  the  conditional  dis- 
trDautions  gj^(0)=  g(0|0  ^ 0^^)  and  g2(0)  = g(B|0  ^ 0^)  frong(0). 

Then  the  curves  P(r|0)  • g(02)  and  P(a|0)  • g(0^^)  are  obtained  from 
the  P(a|0)  and  the  g2(0)  and  g^^(0)  curves  respectively.  The  risks 
a and  B are  the  areas  under  the  curves  P(R|0)  • g2(0)  and  P(A|0)  * gj^(0) 
reqjectively,  <is  shown  in  Figure  1. 
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TTie  frequency  definition  of  these  risks  may  be  given  as  follows. 
P (R  0 > 0 ) 

d » ' " 0 ^ Nuitoer  of  good  systeros  that  arc,  rejected 

P(9  ^ 9q)  Total  mnber  of  good  systans 


8 = 


P(A,9  i:  6^) 
P(e,«  0^) 


NuBber  of  baid  systans  that  are  aco^ted 
Ibtal  nurter  of  bad  systems 


(14) 


The  meaning  of  a , B can  also  be  eqppreciated  by  oonsilering  the  entries 
in  'hible  I . 

In  this  table  A ard  R refer  to  eu^o^tanoe  and  rejection  decisiens 
and  the  demair  of  6 has  been  divided  into  three  regions,  e > 0q» 

01  < 0 < Bq  and  0 < 0j^.  The  probabilities  Pj^,  P2**.Pg  are  the  joint 
probabilities  for  the  events  ^ls  indicated  in  the  table,  e.g.,  p^  is  thr 
joint  pocobedDility  of  acoq>tanoe  and  of  e > 6q>  Ihus,  ve  ’lave 


a 


Pi-»P 


and 


1'*'3 


.-E2_ 

P2**>4 


Note  that  P(A),  P(0  i.  0^),  and  P(0  <.  0j^)  are  not  ind^iendent  events, 
and  hence  the  nunerical  values  of  pj^,P2,...pg  cannot  be  by 

sijiply  knc*dng  P(A),  P(0  ^ 0^)  and  P(0  ^ 0^). 
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The  average  risks  provide  the  following  protection.  If  the 
producer  produces  a l5u:ge  nunber  of  systems,  then,  in  the  long  rm, 
less  than  a percent  of  the  good  systems  will  be  rejected.  If  the 
consuner  buys  a l£urge  nixrber  of  systems,  then,  in  the  long  run,  less 
than  100  B percent  of  the  bad  systems  will  be  accepted.  No  esqjlicit 
control  on  the  probability  of  acceptance  is  provided  at  any  specific 
value  of  6 viien  we  use  the  average  risk  criteria.  A graphical  re- 
presentation of  these  and  other  risks  is  shoMn  in  Figure  2,  and  is 
discussed  in  Section  2.7. 


^1. 
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O 
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or  RISK  DKFINITIQNS 


2.3  Posterior  Risks  (a*,  &*) 

1t»e  (a*,  0*)  risks  are  defined  as  follows  (Schick  and  Dmas,  1972) 


o*  = P(e  > 0^|R) 


(15) 


This  risk  is  the  lor»g  run  probability  of  a rejected  system  being  good. 

B*  = P(0  $ Oj^Ia)  (16) 

This  risk  is  the  long  run  probability  of  an  accepted  system  being  bad. 
In  the  frequency  sense. 


_ Nxiitoer  of  good  systems  among  the  rejected  systems 
Total  nurber  of  rejected  systems 

_ Nurber  of  bad  systems  among  the  aocepted  systems 
Total  nurber  of  accepted  systems 

Referring  to  Table  1,  we  see  that 


(17) 


(18) 


a*  = 


p(R,e  ? 0q) 


B*  = 


p(R) 

p(A,e  .<  0^) 
p(A) 


P3*P4<P6 


Pl*P2*P5 


, and 


Mathematical  ly , 


o*=  P(0>.C^]r)-  p/”f  (0|  R'd9= 


P(R  l0)cj  (6)  i>0 


f P(R|O)g(0)  dO 


(19) 


:1 


P(0^tjj  A)=  / f (Oj  A)d0 


P(A|0)g(O)dO 


/“  P(AlO)g(0)d0 
6 


(20) 
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Tlje  (a*,  B*)  risks  are  shown  gre^jhically  in  Figure  2 emd  represent  a point 
each  on  the  cumulative  distrihution  functions  P(6  > 6*  jR)  emd  P(6  ^ 6'  |a) 
respectively.  (Other  curves  are  discussed  in  Section  2.7) 

If  the  exact  nurber  of  fulures  r is  known,  then  the  posterior 
probabilities  can  be  ocnputed  £is  follows 

P(r|0  > 0 J P(0  > 0 ) P(r,0  > 0 ) 

P{0  > 0 |r)  = — i — — (21) 

° P(r)  P(r) 


Nutter  of  good  systems  anong  those  that  experience  r failures 
Nurber  of  systene  that  experience  r failures. 

P(r|0  < 6.)  P(0  < 0.)  P(r,0  < 0.) 

P(&<6,lr)=  — (22) 

^ P(r)  P(r) 

Nuntoer  of  bad  systenis  ancng  those  that  experience  r fcdlures 
Nuter  of  systems  that  experience  r fedlivces. 

Ihe  quaitvaties  ?(0  ^ P(0  ^ 0j^|r)  cannot  be  ocnputed  without 

knowing  the  test  results  and  hence  eure  not  suitable  as  risV:  criteria  for 
plan  iesign.  Ihey  are  related  to  o*  eind  0*.  For  example,  if  r*  denotes 
the  acceptance  nuter  (i.e.  r s r*  inplies  acceptance) . then 


14 


I 


6*=  p(e^e^lA)= 


P(a10$0j)  . P(0^0j) 


r*  P(r  le$0j^)  P(0$G^) 

rr;:^ 

r=0 

r*  P(rlOi0,)  P(040,) 

E ± 

r=d  P(r) 


. P{r) 

"T* 

L P(r) 
r=0 


I P(0$0^|r) 


r* 

I P(r) 
r=o 


Therefore  0*  z'^nresents  a wei^tad  sun  of  P(@  with  weights  equal 

to  the  probability  of  oocurrenoe  of  r in  the  accepted  systene.  A similar 
result  holds  for  a*. 

The  following  relatimships  exist  between  (a*,  0*)  and  (a,  B). 


, P(R  |0>e^)  P(8>6^) 
P(0>0  |R)»  — 2 2_ 

° P(R) 


j 


I 


I 


(25) 


(26) 


If  the  prior  is  favorable  (if  more  probability  mass  is  attached  to 
larger  vedues  of  0)»then  P(0  j 0^)  > P(R)  and  P(0  ^ 0j^)  < P(A).  Henoe, 
for  a favarable  prior,  a*  > a and  S*  < 5.  The  inequalities  will  be 
reversed  if  the  prior  is  unfavorable  to  the  oonsunex.  The  ris)(s  provide 
the  following  protection.  If  the  producer  produces  a large  niziber  of 
systans  then,  in  the  long  run,  less  than  100  a*  percent  of  the  rejected 
systems  will  be  good.  If  the  oonsuner  buys  a leu:ge  nuibcr  of  systems 
then,  in  the  long  run,  less  than  100  6*  percent  of  the  accepted  systems 
m.11  be  bad.  No  ejqplicit  oontxol  is  provided  the  prdaability  of 
acceptance  for  any  specific  value  of  0 . 
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2.4  ProJjability  of  Rejecticai  P(R) 

This  is  a single  nuit)er  given  by  (Schafer  1973) 

00 

P(R)  = / P(R|0)  g(6)  de  (27) 

0 

or 

00 

P(R)  = 1 - P(A)  = 1 - / P(A|0)  g(0)  d0  (28) 

o 

I Note  that  tlie  integraticHi  is  over  the  entire  range  of  0 and  specification 

of  0^,  which  is  usu£dly  specified  in  ccxi junction  with  a producer's  risk, 
is  unnecessary. 

In  the  frequency  sense  we  have 

P(R)  = 'total  number  of  systems  rejected 
Ibtal  nuiber  of  systems  tested 

I For  the  producer  this  criterion  iiiplies  that,  in  tlie  long  run,  less  than 

(100) •P(R)  percent  of  the  systems  will  be  rejected. 


r 

( 

t 

I ' 


2.5  Alternate  Posterior  consuner's  risk  B** 

We  define  a new  risk  asscxriated  with  the  posterior  distribution  of  0 
as  follows 


6**  = P(0  ^ 0^|A) 


0 

f f(0|A)  d0 
o 


(29) 


or 


0 


B**  = 


/ Op(A|e)  g(0)  de 
o 

;“p(Ale)  g(0)  de 
o 


(30) 


This  risk  gives  the  long  run  probability  of  the  ctcc^ted  product 


having  a e below  the  specified  MIBF  0 . 

o 


2.6  Moments  of  f (0|a) 

f(0|A)  represents  the  distribution  of  6 in  the  accepted  lots  and  its 
moments  are  of  interest  to  the  oonsxxner  in  detemining  the  VTTBF  in 
sudi  lots. 

The  n**  ncment  of  f(e|A)  is  given  by 


E(e"|A)  » / 0"f(0|A)d0 
0 


(31) 
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For  exponential  failure  distributicai  and  inverted  gaima  prior  given 
by 

g(0)  = ^ e'*'®  , y,\,  6 > 0 (32) 

rx 


manents  up  to  n = 


OJ  CU.^  A V^i  i kJJ 


r=0  r(X)  r(r+l)  P(A) 


vihere  T cind  r*  are  the  test  time  and  acceptance  nunber  respectively. 
Frcm  Equation  (33),  the  mean  and  variance  of  (OjA)  can  be  easily 
corputod. 


N 


2.7  Sequence  of  Risk  Definitions 

Figure  2 on  page  10  is  a graphical  representaticm  of  veucious  operating 
characteristic  amd  other  curves  as  they  arise  in  going  fron  the  suimitted 
systens  to  the  accepted  and  rejected  systems.  The  plot  of  g(6)  in  (a) 
represents  the  prior  distribution  of  0,  am  inverted  ganina  with  y = 250, 
and  ^ = 3.  Systafns  with  this  g(9)  aure  submitted  to  a testing  plan  T = 9500  hours 
or  T*  = T/9q  = 9.5  and  r*  = 13  in  (b) . For  illustration  purposes,  the 
plain  has  been  designed  for  a discrimination  ratio  0q/0j^  =*  2,  auid  risks 
ot  = P = 0.10.  The  classical  O.C.  curve  in  (c)  represents  the  probaJsility 
of  acceptauTce  for  vaurious  vadues  of  6.  The  risks  a = 0.10  auid  S = 0.10 
correspond  to  the  values  9q  = 100  auxJ  9j^  *=  50  respectively.  The  modified 
O.C.  curves  in  (d)  aind  (e)  are  the  plots  of  P(R|0  > 9')  auid  P(A|0  < 6')» 
respectively,  for  vaurious  vadues  of  9'.  For  the  example  being  considered, 
the  ordinate  in  (d)  at  9'  = 9q  = 100  is  a.  Similarly,  the  ordinate  in  (e) 
at  o'  = 0^  = 50  is  B.  Plots  in  (f)  amd  (g)  aire  the  posterior  density 
and  the  cimilative  posterior  distribution  of  9 conditionad  on  aoceptauice. 
Similauriy,  the  plots  in  (h)  and,  (i)  represent  the  posterior  density  amd 
the  cuitulative  posterior  distribution  of  0 conditionad  on  rejection.  The 
Bayesian  risk  6*  is  the  ordinate  in  (g)  at  0'  = 0j^  * 50.  The  risk  a*  is 
the  ordinate  in  (i)  at  0*  * 
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3.  NlfGRICAL  EX^MPI£S 


The  different  risks  cire  first  oonputed  for  the  case  where  6 has  a 
Benxjulli  distribution,  i.e.  for  the  case  of  a two  point  prior  given  by 


p(e=0Q)=  TT 
P(O=0j^)=  1 - u 


The  sequence  in  which  the  risks  are  defined  is  shewn  in  Fig.  3.  If  a 
and  6 are  specified,  then  it  is  easy  to  see  that 


B=  B 

P(A)=  7T  (1-a)  + (1-7T)  6 
P(R)^  + (l-iO  (1-B) 


TTo  + (1-tt)  (1-0) 


B (1-tt) 

TT(l-a)  + (1-ti)B 


i 

* 


Let  us  consider  tm  cases,  one  vAien  the  prior  distribution  of  t' 
indicates  a low  probability  of  0^  ^uld  the  second  when  the  prob- 
ability of  0 being  good  is  hi^. 

Case  1; 

Let  IT-  0.2,  a=fi=  0.1.  Then, 

a=  6=  0.1,  a*=  0.03,  B*=  0.307,  P{A)=  .26, 
P(R)-_-  0.74 

Case  2; 

Let  it=  0.8,  u=6=  0.1.  Then, 

a=  B-=  0.1,  a*=  .307,  0.03,  P(A)=  .74, 

P(R)=  0.26 

This  exanple  cleeurly  shews  that  5uiy  risk  may  be  expressed  as  a non- 
linear function  of  a pair  of  ccxisuner-produoer  risks  euv3  the  prior  dis- 
tribution g(0).  In  this  exanple  the  ftnctional  relationship  is  explicit. 

In  general  the  relationship  may  be  ncnlineau:  2md  inplicit.  From  the 
y results  obtained  above,  for  a good  prior  a*  > a,  S*  i B and  for  a poor 

prior  u*  < a,  B*  > It  should  be  further  deserved  that  if  the  acceptance 
probability  for  6 * 9^^  is  0.1,  it  does  not  inply  that  the  probability  that 
the  accepted  lots  have  0 ° 6^  is  0.1.  The  questions  of  a proper  choice 
of  producer's  and  consvmer's  risks  is,  therefore,  inportant. 
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The  case  of  a continuous  prior  distribution  is  considered  in  this 
exairple.  Time  to  failure  is  taken  to  be  exponentiadly  distributed  and 
6 is  assuTved  to  have  an  inverted  ganrna  prior  of  density.  Equation  (32) . 
The  expressions  for  various  risks  cannot  be  solved  esqjlicitly  and,  hence 
nvinerical  integration  is  used  to  ocnpute  the  risks.  The  following  two 
cases  are  considered. 


Case  1; 


'1~  50'  Oq"  ^00'  V=  150,  3. 


These  values  indicate  that  the  prior  is  concentrated  txMard  low 


f?  values 


Case  2: 


«1=  50,  100,  Y=  900,  \=  7 


These  values  indicate  that  the  prior  is  concentrated  toward  high 
0 values. 

For  specified  a and  S,  the  risks  S,  6,  a*,  g*,  6**  aivl  P(A)  are  obtained 
fron  the  relationships  given  earlier.  A listing  of  the  various  risks  for 
various  ccrtbinations  of  a and  0 is  given  in  Table  2 for  the  data  in  i 
and  in  Table  3 for  the  data  in  Case  2.  The  designed  values  of  T and  r* 
are  also  given  in  these  Tables. 
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REIATICNSHIP 


The  follcwing  observations  may  be  made  from  the  results  in  Tables  2 
t and  3. 

1 

(a)  In  all  cases,  a < a and  5 < 3. 

(b)  It  is  almost  always  true  that: 

For  Case  1 (unfavorable  prior)  a*  < a and  B*  > B, 

For  Case  2 (favorable  prior)  a*  > a arui  B*  < B. 

(c)  W»e  nimerical  values  of  the  ris)cs  are  considerably  influenced 
by  the  parameters  of  the  prior  distributions,  the  maximum 
relative  change  being  indicated  in  a*  and  6*,  as  should  be 
expected. 

(d)  The  follcwing  observaticMTS  may  be  made  reg^ding  the  nonlinear 
irrplicit  relationship  between  the  risks. 

(i)  For  a given  prior,  a and  a*  are  influenced  more  by  changes 

in  01  than  by  changes  in  3.  Similarly  B and  3*  are  influenced 
more  by  changes  in  0 than  by  changes  in  a.  p(A)  and  6** 
appear  a^praxinately  equally  affected  by  changes  in  a and  6. 

(ii)  The  relationship  is  nonmonotonic  i.e.  the  same  change  in  a 
and  0 may,  depending  upon  the  prior,  lead  to  an  increase  or  a 
decrease  in  other  risks.  This  point  is  ed.so  clear  from  the 
values  in  the  following  table. 


a 

3 

o* 

Case  1 

Case  2 

0.20 

0.20 

0.02883 

0.46397 

0.2b 

0.15 

0.02912 

0.44416 
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. CHOICE  OF  RISK  CRITERIA 


•n*  risk  criteria  defined  earlier  are  now  evaluated  from  the 
viewpoint  of  their  uieaningfulness  to  the  oonsvmer  and  the  pro- 
ducer. The  meaningfulness  depends  upon  the  kind  of  protection 
desired  by  the  producer  and  the  consumer  in  a given  situation. 

We  first  define  the  primary  interests  of  the  producer  and  the 
consuner  for  a situation  we  have  ccansidered  all  along,  namely, 
the  producer  produces  a large  number  of  systems  whicii  the 
consmer  expects  to  buy  and  a prior  exists,  v*iich  has  been  agreed 
upon  by  both.  We  subsequently  consider  selecticxi  of  risks  in 
other  situations  that  may  arise  in  practice. 

At  this  point  it  is  impartant  to  distinguish  between 
acceptance  sampling  and  reliability  demonstration.  Acceptance 
sampling  deals  with  a sequence  of  production  lots  or  systems  and 
interest  centeis  on  devising  a satisfeictory  sampling  plan  to 
make  accept/reject  decisions  regarding  each  lot  or  system.  In 
reliability  demonstration,  generally,  only  one  systan  or  lot  is 
available  with  the  provision  that  if  satisfactory  reliability 
is  demonstrated,  similar  future  lots  or  systems  will  be  manufactured 
and  accepted  subject  to  aoceptanoe  sanpllng  plans.  A demonstration 
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or  qualification  test  is  conducted  to  degjde  whether  the  system 
has  the  desired  reliability  and  to  make  a go/no~go  decisicMi  on 
production.  An  acceptance  sanpling  test  merely  concerns  the 
acceptance  or  rejection  of  a submitted  systan  (or  lot)  or  the 
production  process.  Consequently,  a demonstration  test  will  require 
more  extensive  testing  (per  ^stem)  and  smaller  nunerical  values 
of  risks  conpared  to  acceptance  sanpling. 

4.1  Basic  Interests  of  the  Producer  and  the  Consumer 

Let  us  consider  the  individual  interests  of  the  producer  and 

» 

the  consumer. 

The  producer  is  primarily  interested  in  getting  the  product 
accepted  i.e.  in  the  total  probability  of  acceptance  P(A),  the 
corresponding  risk  being  P (R) . Once  a satisfactory  P (A)  is  obtained , 
the  Vcdues  of  a,  ot,  a*  may,  in  many  cases,  be  of  seccxideuy  inportanoe 
to  the  producer  and  he  would  like  a plan  that  ensures  maxinun  pro- 
bability of  acceptance.  However,  with  recently  imposed  conprehensive 
warreinty  agreements  in  many  government  procurements,  the  producer 
may  be  ccxxemed  about  poor  quality  equipnent  being  exx:epted  because 
verranty  repair  and  field  MTBF  gxiaremtee  comnitinents  can  become 
very  costly.  Furthermore,  DoD  as  a consvmer  should  be  willing  to 
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protect  the  producer  vi^o  meets  specifications,  or  to  keep  a lovv’ 
rejection  rate  on  that  peurt  of  production  which  meets  the  s^jeci- 
fications.  DcC  should  not  be  disturbed  by  rejection  of  large 
percentages  of  material  belcw  specifications.  The  risk  a concen- 
trates OT!  that  material  which  meets  specification  and  deserves 
protection.  If  the  plan  guarantees  a,  the  producer  has  an  incentive 
to  keep  P(6  9q)  high  in  order  to  keep  P(A)  high.  Ihest'  con- 

siderations tend  to  indicate  that  the  risk  a could  be  of  more 
interest  to  the  producer  than  the  risk  P (R) . 

The  consumer  will  use  the  product  that  has  been  accepted  and 
his  main  concern  is  to  ensure  that  the  accepted  prtxiuct  contains 
a minimum  amount  of  bad  product,  i.e.  the  consumer  is  primarily 
interested  in  the  distribution  of  9 in  the  accepted  product,  arc 
viculd  like  to  ccxitrol  f(9|A).  The  consumer  is  not  satisfied  with 
siirply  limiting  the  probedaility  of  aoceptcince  of  bad  product.  For 
example,  if  the  entire  production  is  tad,  and  if  the  consumer  accepts 
5%  of  the  bad  product  under  a given  plan  (e.g.,  "7  = 0.05),  tne:'. 
the  consuner  has  100%  bad  product  at  hand.  In  this  sense,  c and  1 
do  not  reflect  the  oonsuner's  interest  adequately  \diereas  .9*  does. 
Ideally,  the  consuner  would  like  to  control  the  entire  curve  f (0  |A) 
(see  Figure  2).  However,  such  a specification  is  not  practical. 

The  consuner  may  then  choose  one  of  the  following  specifications 
which  control  one  or  tsuo  points  on  the  cunulative  density  function 
of  0|A. 
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The  cxjnsuner  specifies  a single  value  6^^  and 
is  conpletely  satisfied  if  em  accepted  systan 
has  6 6^.  The  oonsuner's  risk  is 

P(0  < 0j^|A)  - 0*. 

The  consuner  specifies  0^,  0^  and  the  associated 
probabilities  of  0 ^ 0^^  amd  0 ^ 0^  in  the 
accepted  systems.  The  appropriate  risks  are 
P{0  < 0j^|A)»6*  and  P(0  < 0q|A)  = 6**. 

The  consumer  specifies  0^^,  0^  and  the  prob- 
ability of  0 £ 0j^  in  the  accepted  systems. 

He  is,  hoMever,  also  interested  in  sonehow 
ersuring  that  0 in  the  cKx:epted  systans  is  not 
undxily  weighted  tcwards  0j^,  but  is  unwilling  to 
quantify  it  throu^  6**.  The  conamer's  risk 
is  P(0  < 0j^|A)  = 6*. 

It  should  be  noted  that  even  if  the  ccxiscmer  conpletely  specifies 
f(9|A)  or  P(0^O^  I A)  for  a given  g(0),  P(R)  can  still  be  independently 
specified.  However,  specification  of  f(0[A),  g(0),  P(R)  may  not  be 
ccrpatible  and/or  may  leed  to  a difficult  to  realize  P(0|A),  resulting 
in  the  non-existence  of  a test  plan.  The  approache:'.  sugger.teo  above 
puncat  Clexibility  in  obtainixKj  the  plan  without  unduly  cc»v.tTn:ning  the 
consumer’s  oiiteiresc. 

4.2  Choice  of  Risks  for  Various  Practical  Situations 
The  following  cases  may  occur  in  practice. 

Case  1.  The  pKxxtuoer  prodix^s  a large  nunnber  of  systems  and 
the  consmer  buys  a large  nunber  of  systans.  This 
case  is  denoted  by 


Specification  1 (Sj^) 


Specification  2 (S2) 


Specification  3 (S^) 
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The  producer  produces  a large  raxnber  of  systems  and  a 
specific  consuner  buys  a snadl  nunber  of  systens 

•'■lV- 

A specific  producer  produces  snail  nuirber  of  ^tems 

and  the  oonsuroer  buys  large  number  of  systans  (from 

different  producers) . This  caise  is  denoted  by  PgCj^« 

Producer  produces  small  number  of  systems  cmd  the 

consuner  buys  small  nunber  of  systems  (P  C_). 

S o 

For  each  of  these  four  cases,  the  following  possibilities  exist 
regarding  g(6). 

1.  A prior  exists  and  is  agreed  to  by  the  producer  and  the 
consuner. 

2.  The  producer  has  a prior.  The  consuner  does  not  agree 
vdth  it  and  has  no  prior  of  his  own. 

3.  The  consuner  heu  a prior.  The  producer  does  not  agree 
with  it  and  has  no  prior  of  his  own. 

4.  Producer  and  consuner  have  different  priors. 

In  DoD  ^jplications,  Case  1 is  more  IDcely  to  occur.  However, 
for  the  saJce  of  oonpleteness,  we  will  oonsider  all  four  caues. 

It  is  suggested  that  every  effort  should  be  made  to  obtain  a 
proper  agreed  upon  prior  either  from  the  past  data  anl/ar  from  the 
data  aooamlated  during  testing.  If  a prior  does  not  exist,  there 
is  no  d»ice  but  to  use  the  classical  risks  (a,$). 

4.2.1  Case  1: 

The  producer  produces  large  nunber  of  systems  and  the  consuner 
! buys  large  nunbK  of  systems. 
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Case  2. 
case  3. 


Case  4. 


a.  If  g (6)  is  sufficiently  %«ll-)axMn  and  agreed  to  by  both/ 
then  the  appropriate  risks  for  the  three  ^)ecifioations 
of  the  consuner  aret 

S^:  (P(R),  B*} 

Sjt  {P(R),  (B*,8**)} 

S3;  {a,  B*} 

b.  Sonetijnes  the  producer  may  have  a prior  distribution  vhich 
assigns  a large  v«ei^t  to  values  of  0 ^ e^.  The  cxansaner 
may  be  univilling  to  aooept  this  prior  but  has  no  prior  of 
his  CMH.  If  he  uses  a risk  B*  with  this  priar,  he  has 
unoonfortably  large  prc^ability  of  £K!oepting  systems  with 
6 £ 63/  i.e.  ^ » B*.  He  does  not  sheure  the  producer's 
view  regarding  the  aiall  chance  that  such  values  of  0 will 
be  encountered.  Ihe  consuner  prefers  to  be  protected  in 
the  classical  sense  by  limiting  P(a|0  * 0^)  *»  B (Blunenthal , 
1973)  .with  this  criterion,  he  may  have  oonsidered>le  bad 
product  at  hcind  if  most  of  the  systems  tested  have  a poor  9. 
The  test  should,  therefore,  be  supplemented  by  requiring 

a review  of  the  manufacturer's  process  if  too  mzmy  systems 
are  rejected. 

The  producer  believes  in  his  prior  and  chooses  either  a or 
P(R).  Ihus  the  appropriate  criteria  for  this  situation  seem 
to  be 

S^;  {P(R),  B) 

S2;  (P(R),  B) 

S3:  {a,  B> 
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c.  If  the  oonsuner  has  a pricr  and  the  prodvicer  does  not, 
then  %d.th  arguments  similar  to  above,  the  appropriate 
criteria  are 

S^t  {a,  B*} 

Sj:  fo,(B*,6**)} 

S3:  {a,  B*} 

d.  If  both  believe  in  different  priors,  the  appropriate  risk 
criteria  eure: 

S3:  {P(R),  B*) 

S2:  {P(R),  (B*,6**)} 

S3:  {o,  B*} 

%<ith  the  producer's  and  the  consuner's  risks  evcduated  with  respect  to 
their  own  priors. 

The  suggested  risk  ocnbinations  for  the  four  cases  for  each  of  the 
specifications  S3,  S2,  and  S3  are  suamarized  in  Tables  4,  5 emd  6,  re- 
spectively. 

4.2.2  Case  2:  ^L^S 

The  producer  produces  l£u:ge  nunber  of  systems.  An  individual  con- 
suner  buys  small  (say  one)  number  of  systems. 

The  prior  is  sufficiently  %4ell-known  and  eigreed  to  by  both. 

Clearly  the  poroducer  is  satisfied  with  "a.  The  oonsvxner  is  primarily 
interested  in  kiKwing  if  the  q»ciflc  system  he  intends  to  buy  is  good 
or  bad.  Given  a choice  between  and  B,  the  oonsuner  would  choose  6 
since  he  would  like  to  limit 

max  P{A|0t(O,63)}  - P(A|03)  « B 
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Prior  Acxrepted 
By  Both 

[P(R),(B?B**)1 

[a»61 

* ** 

ta,(B  ,B  )] 

[a, 51 

ProduDer  Has 
Prior,  Consuner 
Does  Not 

IP(R),3] 

[a»Bl 

[a,B] 

[a,  5) 

Oonsviner  Has  Prior, 
Producer  Does  Not 

la,(B*,3**)l 

[a,  61 

la, (6*,6**)1 

[a, 51 

Both  Have 
Different  Priors 

IP(R).(6*.B**)1 

la.  6] 

i 

[a, (6*,B**)] 

i 

la, 31 

Prior  Accepted 
By  Both 


Producer  Has 
ihrior,  C3onsv*ner 
loes  Not 


Cjonsuner  Has  Prior 
Producer  Does  Not 


Both  Have 
Different  Priors 


ha,  6*1 


[a,  61 


[a,  6*1 


[S.6*] 


fa,  31 

(a, 3*1 

(a,61 

i 

(5,61 

1 

(a, 61 

(a,61 

(a,61 

(a,  3*1 

[a.  31 

1 

(a,  61 

(a,  3*1 

1 

[a,  61 

1 

1 

Now  consider  the  choice  betxeen  B and  B*  • This  is  rather 
difficult  to  make.  The  set  of  accepted  systems  may  contain  a single 
0,  say  0'  ard  f(0|A)  is  really  a degenerate  distribution  at  0'.  It, 
therefore,  appears  that  the  consuner  would  be  mednly  interested  in 
satpling  from  f (tl0')  and  protect  himself  by  choosing  the  classical 
risk  B.  However,  if  g(0)  is  well-known  it  seems  reasonable  to  use 
g(0)  for  a single  decision  emd  bdutve  as  a Bayesiem,  in  which  case  B* 
should  be  an  acceptable  risk.  In  our  context,  we  do  not  consider  this 
viewpoint  and  suggest  the  use  of  B. 

The  three  other  situations  regarding  prior  can  be  similarly  dealt 
%dth  for  specifications  Sj^,  Sj,  Sj,  and  the  suggested  risk  ocntoinaUons 
are  given  in  Tables  4,  5 and  6,  respectively. 

4.2.3  Case  3; 

The  discussion  is  similar  to  Case  2 and  the  results  are  given  in 
Ttables  4,  5 and  6. 

4.2.4  Case  4: 

Producer  produces  one  systan  and  the  consumer  may  buy  it.  g(0) 
does  not  exist  in  the  freciuency  sense  amd  can  only  be  interpreted  as 
a degree  of  belief  distribution.  It  is  in  this  case  that  Bayesian  and 
classical  viewpoints  differ.  The  former  will  suggest  (a,B*)  or  (P(R),6*) 
risks  while  the  latter  will  dictate  (a,B)  risks.  Consistent  with  our 
earlier  omwents,  we  stay  %cLth  the  later  risks.  Various  risk  oombina- 
ticns  for  this  case  are  sixmiarized  in  Tables  4,  5 and  6. 


5.  Concluding  Rerarks 

In  the  preceding  secticHis  ve  have  giv«i  the  definitions,  inter- 
pretations and  interrelationships  of  the  various  risk  oonfcinations 
that  cirise  due  to  the  existence  of  a prior  distribution  on  6.  A 
detailed  discussion  on  the  choice  of  risk  criteria  is  presented  in 
Section  4.  In  Subsection  4.2  vie  have  suggested  various  risks  criteria 
that  may  be  appropriate  for  use  in  the  design  of  plans  under  several 
situations.  Ihe  aurgunents  anployed  for  suggesting  these  risks  may  not 
hold  true  in  sane  situaticns  and  caution  should  be  enployed  in  using 
the  criteria  suggested  in  Tables  4,  5 and  6.  The  ultimate  choice  of 
risks  to  be  used  in  a given  situation  will  have  to  be  determined  on 
the  basis  of  the  particular  needs  of  the  producer  and  the  ocxisuner. 
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